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A multidomain pseudospectral method, which is based on
Chebyshev polynomials expansions, is presented to solve an initial-
boundary value problem in incompressible MHD, the tearing insta-
bility, in which a boundary layer is spontaneously generated inside
the spatial domain. The method is based on a property of Chebyshev
pseudospectral expansions which accurately describe functions
having strong gradients localized near one of the Chebyshev domain
boundaries. A comparison with the results of a single-domain pseu-
dospectral method is performed, showing that, in the considered
case, the multidomain technique furnishes a higher accuracy keep-
ing the truncation error to a lower level. Because of the steeper
Chebyshev spectra lower aliasing errors are obtained during the
nonlinear stage of the instability. © 1996 Academic Press, Inc.

1. INTRODUCTION

Pseudospectral methods represent a powerful tool in the
numerical solution of nonlinear partial differential equa-
tions, and in particular, the fluid dynamics or the magneto-
hydrodynamics (MHD) equations. When the solutions are
sufficiently regular, such methods give an accuracy which
is generally higher than the accuracy of finite-difference
methods which uses the same number of points in the
spatial grid. For instance, when the solution is of ¢ *-class
spectral methods can be roughly considered as an infinite
order (in space) numerical scheme.

Actually, the accuracy of spectral methods is strictly
related to the regularity properties of the solution: when
the quantities are of ¢ P-class, spectral methods give origin
to (p + 1)-order schemes (see, e.g., [1]). As a consequence,
a discontinuous solution is very poorly represented by a
spectral method. This happens, for instance, in the inviscid
fluid dynamics when a shock forms; the Gibbs phenomena
generated by the discontinuity completely destroy the ac-
curacy of the numerical solution. A way to overcome this
problems is to use a multidomain technique; if the quanti-
ties are piecewise ¢ “-class the spatial domain D can be
divided into the union of K subdomains D!*!

K
p=|J pw
a=1

We indicate by §D[*#l = Dlel 0 DIl the internal boundary
between the ath and the Bth subdomain. This partition
must be such that any quantity remains of ¢ “-class in each
subdomain D!* during the time interval of interest. Then,
a spectral method is used in each subdomain giving the
appropriate boundary conditions at the internal bound-
aries. This kind of technique was used by Bonazzola and
Marck [2] to describe the shock propagation in fluid dy-
namics; a moving internal boundary was placed at the
shock location, at any time step; on this boundary the shock
jump conditions were used as boundary conditions. This
technique gives a very good approximation, since on each
side of the shock the solution is of ¢ “-class.

If diffusive phenomena are present, such as in the viscous
fluid dynamics, the discontinuities associated with the
shocks are smoothed out and are replaced by more or less
narrow regions where the quantities of the problem vary
with continuity from their values upstream to the values
downstream. In such a case, in consequence of the regular-
ity of the solution, a spectral method could be successfully
used. However, in many applications the Reynolds number
is quite large; this implies that the shock width is small
and large gradients develop at the shock location; i.e., the
shock tends to be a true discontinuity. In such a case, even
though the quantities keep continuous, a large number of
terms (harmonics) are necessary in their spectral represen-
tation in order to obtain a good accuracy in the numerical
solution. If the number of harmonics is not sufficient to
accurately describe fast variations in the solution, oscilla-
tions will appear at the shock location, similar to the Gibbs
phenomena of the nonviscous case.

However, despite this analogy between the inviscid and
the weakly viscous fluid dynamics, in the latter case a
multidomain technique does not necessarily improve the
accuracy of the numerical solution. Actually, when fast
variation regions are present, instead of real discontinu-
ities, a high spatial resolution is required in these regions.
Then, the advantage of using a multidomain or a single-
domain spectral technique depends only on the capability
of this method to give such a high resolution in the ““diffu-
sivity” regions.
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A CHEBYSHEV MULTIDOMAIN METHOD

This can be actually achieved if a Chebyshev pseudo-
spectral method is employed in association with a multido-
main technique. Solomonoff and Turkel [3] studied
the properties of pseudospectral methods based on a
Chebyshev expansion in cases when sharp variations are
present in the solution. The standard pseudospectral Cheb-
yshev expansion uses the following set of (N + 1) colloca-
tion points

X = cos(%), j=0,..,N, (1)

in the spatial domain D = [—1, 1]; however, sets of
collocation points different from (1) can also be used.
In particular, Solomonoff and Turkel [3] considered both
the standard collocation points (1) and a set of uniformly
spaced collocation points. In both cases these authors
found that the Chebyshev collocation methods give lower
errors when sharp gradients or discontinuous derivatives
occur near the boundaries of the spatial domain D than
when they are near the center. This implies that a
Chebyshev pseudospectral method can be advantageous
in a multidomain technique to describe continuous solu-
tions with localized sharp gradients, provided that these
fast variation regions are near a boundary (internal or
not) of some subdomain D!,

In this paper we consider a problem in which a boundary
layer of small but finite amplitude is present, namely, the
nonlinear development of the tearing instability in incom-
pressible magnetohydrodynamics (MHD). In this problem
a narrow region of strong localized gradients spontane-
ously forms around a well-determined plane surface (neu-
tral sheet) inside the spatial domain. These gradients are
directed perpendicular to the neutral sheet. Based on the
results of Solomonoff and Turkel [3], one can expect that
a substantial improvement of the spatial resolution can be
achieved if an internal boundary between two subdomains
is located at the neutral sheet, and Chebyshev expansions
are carried out in both subdomains in the direction parallel
to the gradients (i.e., perpendicular to the neutral sheet).
In fact, in such a case the gradients turn out to be located
close to the boundary of the Chebyshev meshes; this is the
configuration in which a Chebyshev expansion gives the
lowest errors [3].

In order to give a quantitative measure of the advantages
of applying such a pseudospectral Chebyhev, multidomain
technique to the solution of a boundary-layer problem we
compared in details the results of this method with those
obtained by a single domain technique. In the latter case,
the boundary layer is located at the center of the spatial
domain, i.e., far from the boundaries of the Chebyshev
mesh. We show that the multidomain Chebyshev method
gives a good accuracy with a number of Chebyshev poly-
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nomials much lower than the single-domain method. This,
in turn, allows us to keep aliasing errors at a low level
during the nonlinear stage of the instability.

2. THE NUMERICAL METHOD

The Chebyshev pseudospectral multidomain technique
has been applied to the solution of an initial-boundary
value problem for the incompressible magnetohydrody-
namic equations. We considered two-dimensional config-
urations, where any physical quantity depends only on the
X and Y variables, and only the X and Y components of
vector quantities are nonvanishing. The equations of the
incompressible MHD can be written in the dimen-
sionless form

IZ7 AZ7 9P rzy
—+ 7 —+—=y — i=1,2,0=%, (2
Jat 0x,  ox; 0X0X )
PP 92 0Z, 3)
0X.0X ) 0X,, 0Xy ’

where Z’ and P are the dimensionless Elsasser variables
and total pressure, respectively,

U; B, .
Zi=—+o—, i=1,2,0=%;, P

_P + B?/8w
Ca By ’

2
PoCa

In these equations v represents the velocity of the fluid, B
is the magnetic field, p is the gas pressure, and ¢, =
Bo/(4mpo)'? is the Alfvén velocity, py being the mass density
which keeps constant and uniform, and B, a characteristic
value for the magnetic field. The dimensionless space—time
variables are x; = x = X/a, x, =y = Y/a, and t =
T(ca/a), where a represents some characteristic length of
the problem. Lower indices identify the vector cartesian
components (e.g., Z; = Z,, Z, = Z,) and summation over
the lower dummy indices is hereinafter understood. Fi-
nally, it has been assumed that v = nc?/(4w) (with v the
kinematic viscosity, 7 the resistivity, and c the velocity of
the light) and the dissipation coefficient y = v/(ac,) =
nc*/(4mwac,) has been defined. The space domain is given
by the rectangle

D={(x,y):xe[-LI],y €[0,7RI]},

where R is a parameter which determine the aspect ratio
and / gives a measure of the domain width in normal-
ized units.

The initial condition will be chosen in such a way that
a boundary layer forms along the line x = 0. The location
of this boundary layer does not change in time. Then, an
enhanced spatial resolution is required close to the line
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x = 0, where the largest gradients develop. This is achieved
by dividing the spatial domain D in two subdomains, with
the internal boundary located at the line x = 0. Pseudospec-
tral Chebyshev expansions are carried out in both subdo-
mains in the x-direction, i.e., parallel to such gradients.
The results of this method will be compared with those
obtained using a single-domain method. In this latter case,
a single pseudospectral Chebyshev expansion is performed
in the x-direction and the location of the boundary layer
corresponds to the center of the Chebyshev mesh. It will
be shown that the double-domain technique improves the
accuracy of the numerical solution, in accordance with the
results of Solomonoff and Turkel [3].

Concerning the boundary conditions, periodicity condi-
tions are imposed on the boundaries y = 0 and y = @R/,
i.e., on those boundaries crossed by the boundary layer.
The following free-slip conditions are imposed on the other
pair of boundaries:

A4
=0, o==*,atx==*[t=0,
ax
ﬁ):O, atx=—1,1=0, 4
ox
P:P(], atx:l,l‘ZO,

t = 0 being the initial time, along with the diver-
genceless conditions

0Zy _ 9Zy
0x ay

, o==*,atx=*[r=0. (5)

If the divergence of Z7 is vanishing at the initial time

9z
8xk

=0, o= =*for(x,y)EDatt=0, (6)

Egs. (2) and (3) with the boundary condition (5) ensure
that the fields Z’ remain divergenceless for any time ¢ = 0.

The problem will be solved using both a double-domain
technique and a single-domain technique. In the former
case the domain D is divided in two subdomains (left and
right) D = D1 U DRl with DIl = [—1, 0] X [0, #RI]
and DRl = [0, I] X [0, #RI]; hereinafter we will indicate
quantities relative to these two subdomains by the upper
indices [/ and 18], respectively. Extra boundary conditions
must be given on the internal boundary x = 0. In particular,
we impose the following matching conditions:

Z10,y, 1) = 2110, y, 1),

y€E[0,7RI],t=0,i=1,2,0==*, (7a)
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2 0.0 =2 0.3,
ye[0,7RI),t=0,i=1,2,0==*, (7b)
P, y, 1) = PR(0, y, 1),
y € [0,7RI],t =0, (7¢)
%[CL] 0,y,0) = %[Cm 0,y,1),
y e [0,7RI), 1= 0. (7d)

These conditions will be discussed below, with regard to
the regularity properties of the physical solution.

In the double-domain method, Egs. (2) and (3) are nu-
merically solved using a pseudospectral method in both
D" and D'Rl; any quantity f1*l(x, y, #) in the subdomain D!l
at a given time ¢ is approximated as a linear combination of
a finite number of functions,

felGe,y, ) = 3 alsh(o) $likx, v), (8)

m=0 n=0
where

S (x, y) = T(2x/1 + 1) M) (x,y) € DI,

_ )
Rlx,y) = T,(2x/l — 1) &m™/®)_ (x,y) € DRI,
T.(&), € € [—1, 1], is the Chebyshev polynomial of degree
n and i is the imaginary unity. The spatial grids of the
collocation points used in the pseudospectral expansions
are the sets

Sled = {(xl ylhy i=0,.,N,j=0,..,M—1,a=L,R},
where
x!H = [[—cos(mi/N) — 1]/2,

x® = [[—cos(mi/N) + 1]/2
y,[-L] = y][-R] = 7RIj/M.

(10)

These correspond to the standard collocation points used
in the Fourier and Chebyshev pseudospectral expansions,
respectively. We chose to use the standard collocation
points because of the following reasons: Solomonoff and
Turkel [3] considered the Chebyshev pseudospectral
expansion of functions with large gradients near the bound-
aries and compared the accuracy when standard colloca-
tion points, or uniformly spaced points are respectively
used. They found that the former choice is preferable,
since in such a case lower absolute errors are obtained.
Moreover, in the calculation of the expansion coefficients
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with standard collocation points fast Fourier transform
(FFT) algorithms can be employed; this transformation
technique is faster than the matrix multiplication if the
order N of the Chebyshev transform is sufficiently high
(typically N = 100) [5].

In the single-domain technique the pseudospectral
expansion of a quantity f(x, y, t) is

M-1 2N

[y, 1) = }Z,O g)anm(t) Bum(X, Y), (11)
where
bun(x, y) = T,(x/D)e™' 0, (x,y)€D.  (12)
The spatial grid in this case is § = {(x;, y;), i = 0, ..., 2N,
j=0,.., M — 1}, where
x; = —lcos[mi/(2N)], y;=nRI/M. (13)

The Chebyshev expansion is performed using N + 1
polynomials per each of the two subdomains in the double-
domain case (see Eq. (8)), while 2N + 1 polynomials are
employed in the single-domain case (Eq. (11)). Then, the
total number of polynomials in the two cases is almost the
same and this fact makes clearer the comparison between
the results obtained by the two different methods.

The time dependence in Egs. (2) and (3) is treated by
a second-order numerical scheme. In particular, a semi-
implicit method is used [6, 7] in order to avoid the con-
straint of the Courant condition, which would become very
severe in consequence of the high density of collocation
points near the boundaries at x = */and x = 0 [8]. Given
the solution (Z“™, P™) at the time t, = n At (At being
the time step amplitude), the solution (Z°™), P™) at an
intermediate time #* = t,, + 0At, 3 < 6 < 1, is first calculated
using the equations

7o) — Z;r('l) 97 (n)
L S L A (14a)
0At Xy 0x;
2
X V7000 4 ze0) j=1,2,0= %,
2 axkaxk
92P™ az;g(*) az;n(*)
= 14b
0X0X ) 0x,, 0xg ( )

and imposing the boundary conditions (4) and (5) and the
matching conditions (7) to Z¢" and P®. The upper index
in parentheses identifies the time step. This solution is
used to evaluate both the nonlinear term and the pressure
gradient term in Eq. (2); then the solution at the time ¢,
is calculated using the equations
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g(n+l) _ 7g(n) a(*) (*) 27g(n+l)
2T D ZET | e Q2 0D a0
At axy, ox; 9%k
927 X EY
= - Aii——+5 Zym ) + Zgm], (15a
k azxk 2 axkaxk [ ] ( )

i=1,2, 0=+

92Prth _BZ;(””) 97,
Bxkaxk

0xX,, 0X (15b)

and imposing the boundary conditions (4) and (5) and the
matching conditions (7) to Z¢“*D and PV,

The whole scheme (14)—(15) depends on the numerical
parameters 6, ¢y, and ¢, as well as on Az. These parameters
must be tuned in order to have a good accuracy and to
avoid numerical instabilities. Both Egs. (14) and (15) are
implicit, because it is necessary to invert some differential
operator in order to calculate (Z, P®) and (Z°"*",
PD) respectively.

Concerning the matching conditions (7), from the theory
of the tearing instability [4] we know that in the physical
problem the solution is continuous in the whole spatial
domain up to the second-order space derivatives, although
strong gradients form at the boundary layer. The matching
conditions (7) applied to the time-discretized equations
(14)-(15) ensure all the quantities, up to the second-order
space derivatives, are continuous across the boundary x =
0 at each time step, provided that this condition is satisfied
at the initial time. We show this point inductively; let us
assume that Z°® and P (at the initial time ¢ = 0), as
well as Z7® and P (at a given time t,), along with their
x and y derivatives up to the second-order, are continuous
across the internal boundary x = 0. The matching condi-
tions (7) applied at the time r* ensure that: (i) all the
quantities are continuous across x = 0; (ii) their first-order
x-derivatives are continuous across x = 0; (iii) in conse-
quence of the point (i), their y-derivatives of any order
are continuous across x = 0. Since, from Egs. (14), the
second order x-derivatives at ¢ = * are continuous func-
tions of the above quantities, we conclude that Z’®) and
P are continuous across the internal boundary up to the
second-order derivatives. Using a similar argument on Egs.
(15) with the same matching conditions, it is shown that
also Z°*D and P"*D have these same regularity prop-
erties.

On the other hand, the regularity of the first- and second-
order derivatives is necessary in order to ensure the conti-
nuity across x = 0 of the solutions. In fact, if, for instance,
the derivative 92Z"/ax* were discontinuous at x = 0, this
would produce a discontinuity in Z{"*" at the next time
step. Moreover, the induction argument points out that
the initial conditions of all the quantities must be chosen
as at least ¢ >-class functions on the whole space domain.

Finally, it is worth noting that the above regularity prop-
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erties of the solutions are kept by the time scheme (14)-
(15) because the scheme is implicit with respect to the
second-order derivative terms. On the contrary, using an
explicit time scheme, the continuity across the internal
boundary of the second-order x-derivatives would not be
ensured, and it should be explicitly added to the other
matching conditions (7).

Equations (14) and (15) are transformed in the spectral
space. Let us consider first the double-domain case. In the
following we will indicate by flel(x, m) the mth coefficient of
the Fourier expansion of a quantity f1*(x, y) at a given time:

M-1

file y) = 2 f

o (x, m) eZimy/(Rl)'
m=0

Equations (14) and (15) are written in the Fourier space,
for the subdomains D!*l and DIl separately. All these
equations can be set in the following general form, along
with their boundary conditions,

[dd—; — Kz(m)] Flel(x, m) = Glel(x, m)

(16a)
€ LIflx, m)] = Blel(m) (16b)
m=0,..M—-1,a=L,R;
and the matching conditions,
(210, m) = F1RI(0, m) (17a)
£1L] [R] m=0,...M—1;
T 0.y = U 0. [ (17b)

where fll(x, m) indicates the Fourier coefficients of
Ze) | Zlde ) - pled®) - op plelent D). Gled(x, m) is the RHS,
which depends on quantities relative to previous time steps;
L1 and [®] are the linear operators which give the boundary
conditions (4) and (5) in the Fourier space at the bound-
aries x = —[ and x = [, respectively; Bl*/(m) are the corre-
sponding RHS; «*(m) are positive constants. Note that
the solution of the problems (16)—(17) can be carried out
independently for each Fourier harmonic; i.e., in the Fou-
rier space we have to solve M decoupled problems.

For a given Fourier harmonic, the Egs. (16a) can be
considered as two distinct problems, each relative to one
subdomain, which are coupled by the matching conditions
(17a), (17b). These equations have been treated using an
influence matrix method (see, e.g., Canuto et al. [9]) which
allows us to decouple the two problems relative to each
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subdomain; we write the solutions f1*(x, m) of the problem
(16)-(17) in each subdomain as a linear combination of
two functions,

f[“](x, m) = 0(x, m) + A, wl(x, m),

(18)
m=0,..M—-1,a=L,R,
where A, is an appropriate constant which is defined by
Eq. (21) and 9!%(x, m) and wl(x, m) are the guess and
the correction solutions, respectively. The former is the
solution of the problem

[dd—z - Kz(m)} 5l(x, m) = Glel(x, m) (19a)
1[ol(x, m)] = BlI(m) (19b)

ﬁ[a](o, m) = Bguess(m) (19C)
m=0,..M—1,a=L,R,

where Bguehh(m) represents a guess value for the solution
f[“ (x, m) at the internal boundary x = 0. The solution
wlel(x, m) is determined by

d? A
[F - Kz(m)] wld(x,m) =0 (20a)
1ll(x, m)] = 0 [ (20b)
w0, m) =1 (20c)
m=0,.,.M—1,a=L,R.

The correction solution w[*(x, m) does not depend on the
time step, so it is calculated only once, at the beginning of
the time advancing procedure, by solving the problems
(20).

It can be easily verified that the linear combination (18)
gives the solution of the problem (16)-(17), which is
unique. In particular, the matching condition (17b) is satis-
fied by the following choice of the parameter A,,;:

dplR] dﬁ[”
—(0.m) - (0, m)
A = = R dw @1)
o O

The guess solution 0!*l(x, m) is continuous on the whole
domain {x € [—1, ]}, but its first derivative can be discontin-
uous at x = 0. The parameter A, is proportional to the
jump in the first derivative of 61*(x, m). This discontinuity
is eliminated by adding the correction solution AW
(x, m). Actually, the term A,,#w)(x, m) has also a disconti-
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nuity in the first derivative at x = 0 which exactly smooths
out the discontinuity of dol(x, m)/dx.

The guess solutions 01)(x, m) depend on the quantities
Bguess(m). These are free parameters which can in principle
be chosen in an arbitrary way, since for any choice of
Bauess(m) = 01940, m) the corresponding guess solutions
l4(x, m) can be corrected by adding the appropriate cor-
rection term A, w!*(x, m). However, in order to avoid too
large roundoff errors in the linear combination (18), the
guess solutions 9!(x, m) should not be too far from the
final solutions f1!(x, m). The amount of the correction can
be evaluated defining the following quantities

P m) — 6, )]
AR = e .

(22)

where, as usual, ||g(x)|.. = sup {g(x), x € [/, []}. In particu-
lar, we will require that
Af¥(m)<1, m=0,..M—-1,a=L,R.  (23)
In the Appendix it is shown that [Wll(x, m) |.. = 1; then,
from Eq. (18) it follows that
AFEI(m) = [N /| 71, m). (24)
i.e., the correction is proportional to |A,,|. Evaluating Eq.

(18) at x = 0 and taking into account that wl*(0, m) = 1,
we find

A = F1I(0, m) = 3190, m) = FII(0, m) — Bguess(m).  (25)

Thus, in ordqr to have small values for the correction
parameters Afl(m) we have to choose the trial boundary
condition Byuess(m) sufficiently close to f14(0, m). In partic-
ular, at any time step we used the boundary condition
Bguess = f‘[a],(n—l)(o, m), (26)
where the RHS of Eq. (26) indicates the value of £l=(0,
m) at the previous time step. With this choice of the trial

boundary condition the parameters A,, are quantities of
order At,

af[a] 5
A = =5 (0.m) p At + O(AF),

where uw = 6 when the solution is calculated at the interme-
diate time ¥ or w = 1 when the solution is calculated at
the time t,.,. The correction Afl®l becomes, to the lowest
order in At,
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Aflel = At/7,,, (27)

where

1 ml.
" @ a0 (©0,m)

represents a characteristic evolution time of the solution
f[“] at x = 0. In conclusion, using the boundary condition
(26), condition (23) is satisfied for sufficiently small values
of At, namely,

At <min{7,,m=0,...M —1}.

In the case of the single-domain technique, Egs. (16)—
(17) are replaced by the equations

L eom | Fem = Gm) (%)
1 F (x, m)] = B (m), m=0,..,M—1,

(28b)

1R (x, m)] = BF(m) (28¢)

which are solved by a Chebyshev pseudospectral tech-
nique, with the standard spatial mesh given by Eq. (13).
The method is the same as that employed to solve the
problem (19) or (20). Since in the single-domain case the
order of the Chebyshev transforms is 2N, the solution of
Egs. (28a), (28b), (28¢c) requires to solve a (2N + 1) X
(2N + 1) linear system.

3. NUMERICAL RESULTS

The tearing instability represents the physical problem
which will be used as a test for the numerical technique
described in the previous section. Since the first work
by Furth ef al. [4], the tearing instability has received a
lot of attention in plasma physics research. It develops
in a magnetofluid for configurations in which some com-
ponent of the magnetic field vanishes on a given surface
(neutral surface). A small but finite value of the resistivity
n is also required, in order to allow changes in the
magnetic lines topology. In particular, we will consider
the case of a plane sheet pinch, where the equilibrium
configuration is given by a vanishing velocity v, = 0
and the magnetic field

el ]

(29)
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where B, gives the magnitude of the magnetic field, a is
the shear length, e, is the unity vector along the Y-direction
of a cartesian frame of reference, and b is a constant. The
second term in the expression (29) allows B, to satisfy
the boundary condition (4). For this equilibrium structure
the neutral surface is represented by the plane X = 0. At
this location a boundary layer develops in consequence of
the tearing instability. In this layer the velocity and the
magnetic field are continuous but they present sharp gradi-
ents in the direction of the X-axis, i.e., perpendicularly to
the neutral surface. During the growth of the unstable
modes, these gradients remain localized near the neutral
surface of the equilibrium structure. The thickness of the
boundary layer depends on the resistivity 7, in that it is
smaller for lower values of 7.

Because of these features, a multidomain technique with
Chebyshev expansions is well suited to give an accurate
numerical solution of this problem. In this section we pre-
sent the results of some simulations of the tearing instabil-
ity. In particular, the results obtained using the double-
domain Chebyshev technique will be compared with those
obtained using the single-domain technique. In order to
excite the instability, at the initial time ¢ = 0 a small ampli-
tude random perturbation is superposed on the equilibrium
magnetic field B, (Eq. (29)). In particular, the initial condi-
tion has the form

Zo(x,y, ty) = qu(x) + dert(x’ y),o= =, (30)

where

Z:,(x) = 0 Beg(x)
curl {[ % peri(x) cos(2y/RI)
— Pfpen(x) sin(2y/RI)] ez}

Z(x,y) =

and e, is the vector unity perpendicular to the simulation
plane and ¢% per(x) and ¢f per(x) represent the initial small
amplitude perturbation of the vector potential. The initial
condition (30) corresponds to the excitation of the m = 0
and m = 1 Fourier harmonics of Z°. Moreover, the form
(30) ensures that the initial condition is divergenceless.

The functions ¢ per(x) and ¢7pe(x) must be chosen so
as to satisfy the boundary conditions (4); i.e., we re-
quired that

2
d d)?,pert
dx?

dZ d)?? pert
— 0= =0 31
dxz ? ( )
at the boundaries x = */[. Moreover, when the double-
domain Chebyshev technique is used the matching condi-
tions (7a)—(7d) are to be satisfied, which implies
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the continuity of

B, L ) Eer ) & B )=
@)

the continuity of

L L
()

The functions ¢%per(x) and ¢fpe(x) have been deter-
mined, giving their Chebyshev expansions. The conditions
(31)—(33) represent constraints which must be fulfilled by
such expansions; they have been used to determine a num-
ber of Chebyshev coefficients as functions of the remaining
ones. The latter have been chosen so to obtain exponen-
tially decaying spectra. This technique allowed us to build
up an initial condition which is very smooth and, at the
same time, which satisfies all the boundary and matching
conditions.

The amplitude of the initial perturbation has been cho-
sen so that the perturbation energy to the equilibrium
structure energy ratio is a small quantity. In particular,
indicating such a ratio by

1
£= 4-_E]JD [Z;Zn(x, y) + Zlgzrt(x, y)] dx dy,

where

=) e i@ dy (4

is the equilibrium structure initial energy, we chose the
perturbation amplitude such that ¢ = 107, i.e., much less
than the equilibrium magnetic field amplitude.

The values of the parameters used in the runs are:
x ' =2 X 10% R =4, 1 = 10. With this choice the Fourier
harmonic m = 1 turns out to be comprised in the unstable
wavelengths range, close to the most unstable wavelength
[10-12]. Moreover, the spatial domain width (2/ in our
units) is much larger than the width of the equilibrium
magnetic field shear (equal to 1 in our units); then, the
boundary condition at x = */ do not sensibly affect the
evolution of the instability.

In order to study the capability of the pseudospectral
Chebyshev expansion to describe the formation of the
boundary layer, different runs have been performed using
a different number of Chebyshev polynomials. In particu-
lar, we considered the cases N = 32, N = 64, and N =
128, corresponding respectively to 33 + 33, 65 + 65, and
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129 + 129 Chebyshev polynomials in the double-domain
case (see Eq. (8)), and to 65, 129, and 257 Chebyshev
polynomials in the single domain case (see Eq. (11)). Al-
though only the m = 0 and m = 1 Fourier harmonics have
been initially excited, nonlinear couplings transfer energy
to higher wavenumbers. However, these couplings are
rather weak because of the low energy level in the pertur-
bation. So the Fourier spectrum of the solution is very
steep and a small number of Fourier harmonics can be
used. In particular, in all the runs we used M = 32 colloca-
tion points in the Fourier grid. The values of the other
numerical parameters are At = 4, § = 0.505, ¢; = 0.025,
¢, = 1. We verified that with these values the scheme is
numerically stable, in accordance with the results by
Harned and Schnack [7].

Starting from the above smooth initial condition, for
increasing time the m = 1 harmonic evolves giving origin
to the unstable eigenmode which corresponds to that wave-
length and to the given boundary conditions. In Figs. 1a
and 1b the normalized kinetic energy EX"(¢) of the m = 1
Fourier harmonic is plotted versus time, the normalized
kinetic energy of the mth Fourier harmonic being de-
fined as

ERn() = SLEOJ l,, Z (x,m, 1) + 27 (x,m, 1) dx. (35)

The time evolution of the normalized kinetic energy
EXn(7) is plotted both in the double-domain (Fig. 1a) and
in the single-domain (Fig. 1b) case, using different numbers
of Chebyshev polynomials in the spectral expansions of
the quantities.

The main features of the time evolution can be summa-
rized as follows; during about the first 600 time units the
kinetic energy grows in time, but relevant oscillations are
superposed on this trend. These oscillations are gradually
damped. This stage corresponds to the formation of the
unstable eigenmode, which is characterized by strong gra-
dients in the x-direction, localized around the line x = 0.
From the time ¢ =~ 600 on, the kinetic energy of the m =
1 harmonic grows exponentially up to the time ¢ = 1000.
This stage corresponds to the exponential growth of the
unstable eigenmode, predicted by the linear theory of the
tearing instability [4].

In the double-domain case (Fig. 1a) the plots corre-
sponding to 33 + 33, 65 + 65, and 129 + 129 Chebyshev
polynomials are, in practice, superposed. Then, if the dou-
ble-domain Chebyshev technique is used, the evolution of
the kinetic energy in the perturbation is well described also
when a relatively low number of Chebyshev polynomials is
employed, namely a total number of 66 polynomial in the
whole domain.

A different behavior is observed when the single-domain
technique is used (Fig. 1b). In particular, the time evolution
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is still well described with 129 and 257 Chebyshev polyno-
mials, but this is not the case when spectral expansions
with 65 polynomials are used. Actually, in this latter case
the exponential growth of the kinetic energy appears to
be sensibly slower than in all the other cases. In order to
give a quantitative measure, we considered the time inter-
val 600 = ¢t = 1000, corresponding to the exponential
growth stage. During this time interval the behavior of the
kinetic energy E"(¢) can be approximated by an exponen-
tial function

EX"(t) = E e (36)
with E and vy constant. The value of the growth rate y has
been determined fitting a linear function of the time on
In[Ef"(r)]. We obtained y = 3.41 X 107% in the single-
domain case with 65 Chebyshev polynomials, while y =
4.23 X 107% in all the other cases. This indicates that 65
polynomials in the single-domain case are not sufficient to
accurately describe the time evolution of the energy in
the perturbation.

The profiles of the real part of the m = 1 Fourier
harmonic of the velocity and of the magnetic field, as
functions of the x-variable, are shown in Figs. 2 and 3
at the time ¢ = 1000, i.e., during the exponential growth
stage. It can be seen that the solution has strong space
variations around x = 0, as predicted by the linear theory
[4, 10, 11]. The solutions obtained using the double-
domain Chebyshev technique (Fig. 2) with 33 + 33, 65
+ 65, and 129 + 129 Chebyshev polynomials are very
close to one another, so to appear superposed. Only
the x-component of the velocity perturbation (Fig. 2a)
calculated with 33 + 33 polynomials presents some differ-
ence near the boundaries with respect to the profiles
calculated using a higher number of polynomials. On
the contrary, the boundary layer is well described also
using 33 + 33 polynomials. Then, the resolution which
is obtained using 66 polynomials with the double-domain
technique is sufficient to describe the structure of the
boundary layer associated with the tearing instability.

The corresponding profiles obtained using the single-
domain technique are similar to those of the double-do-
main case, but not exactly the same. Actually, since the
initial condition is different from that used in the double-
domain case, the excited eigenmode has a different phase
along the periodicity (y) direction, so the profiles of the
real (and imaginary) part have a different amplitude with
respect to the double domain case. Considering the Figs.
3 it is seen that the profiles obtained using 129 or 257
Chebyshev polynomials are superposed. On the contrary,
the solution is sensibly different when 65 polynomials are
employed: the amplitude of the perturbation is lower, in
accordance with the results shown in Fig. 1b. Moreover,
relevant short-scale oscillations are present in the y-compo-
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FIG. 1. The kinetic energy associated to the m = 1 Fourier harmonic, as a function of the time. Using the double domain technique the plots
corresponding to 33 + 33, 65 + 65, and 129 + 129 Chebyshev polynomials are superposed (a). Using the single domain technique, this holds when
129 or 257 polynomials are used, while a different behavior is found with 65 polynomials (b).

nent velocity perturbation profile (Fig. 3b); the amplitude
of such oscillations increases with the time. This phenome-
non indicates that when 65 polynomials are used the Cheb-
yshev expansion is unable to correctly describe the strong
gradients which forms around x = 0.

In order to obtain further information on the accuracy
of the solution we calculated the Chebyshev spectrum
of the excited unstable eigenmode, which contains the
boundary layer. This eigenmode corresponds to the
m = 1 Fourier harmonic of Z°. Since this quantity grows
in time during the development of the instability, it has
been normalized using its L>norm. Then, we define the
mode z{(x, t) by

29(x, 1, ¢
zf(x, 1) = ; ( ) 172 (37)
U-l |Ze(x', 1, 1) dx’}
which approximates the wunstable eigenmode. The

Chebyshev spectrum z7,(f) of the mode z{(x, ) is de-
fined by

N
20,0 = 20,(0) To(x/), xE[-LI,i=xy,0==,
n=0

(38)
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FIG. 2. The profiles, as functions of x, of the real part of the m = 1 Fourier harmonic of the velocity x-component (a) and y-component (b)
and of the magnetic field x-component (c) and y-component (d) at the time ¢z = 1000, obtained using the double-domain technique with 33 + 33,

65 + 65, and 129 + 129 Chebyshev polynomials.

in the single-domain case. In the double domain case we
represent only the Chebyshev spectra relative to the right
subdomain D®!; those relative to the left subdomain D]
are very similar in consequence of the symmetry properties
of the unstable eigenmode [4, 11]. In this case we define
the spectrum z7,(¢) by the relation

N
27 (x, 1) = D, z8.(0) T,(2x/1 = 1),
(x.1) ;) (1) T ) (39)
x€[0,],i=x,y,0==,

where

Z;’(x, 1,1)
;o 1/2°
[jo |Ze(x', 1, 0)]? dx'}

In Figs. 4a and 4b the spectrum |z;,,(7)| is plotted for ¢ =
1000 and ¢ = 2000, respectively, in the double-domain case,

Z;'T(xv t) = X E [0, l]

using different values of N. The same quantity is plotted
in Figs. Sa and 5b, in the single-domain case. The time
t = 1000 approximately corresponds to the end of the
exponential growth stage, while + = 2000 is during the
instability saturation (see Figs. 1). Comparing the results
shown in Figs. 4 and 5 it is seen that the Chebyshev spectra
|z1..(¢)], obtained using the double-domain technique are
much steeper than those obtained by the single-domain
technique. Then, using the double-domain technique a
small number of Chebyshev polynomials is required to
represent the solution with a boundary layer at x = 0.
On the contrary, using the single-domain technique the
contribution of high-order Chebyshev polynomials in the
spectral expansion of the boundary layer solution is much
more relevant.

In consequence of this, representing the solution with
the same number of Chebyshev polynomials, much lower
truncation errors are obtained using the double-domain
than the single-domain technique. An order of magnitude
evaluation of the truncation error in the mode z/(x, f) can
be obtained in the following way. Let us consider first the
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FIG. 3. The same profiles as those of Fig. 2, obtained using the single-domain technique with 65, 129, and 257 Chebyshev polynomials.

double-domain case. We indicate by Z7(x, ¢) the representa-
tion of the mode z/(x, ) obtained using an infinite number
of Chebyshev polynomials. Its spectral expansion is indi-
cated by

2= zo7n(E-1) @)

The sequence {|27,(1)|, n = 0, 1, ...} goes to zero with a rate
which depends on the regularity properties of Z7(x, ¢). If,
for instance, Z¢(x, t) is of C?-class with respect to the x-
variable, then the inequality |27,(¢)| < 1/n* holds for suffi-
ciently large n, for any time ¢ [1]. This ensures that the series

2 122,00

converges to a finite value. We define the truncation error
at the Nth term, in the mode z{(x, t) by

owzi(t) = llz¢(x, 1) — Z7(x, 1)|-.- (41)

Looking at the spectra shown in Figs. 4a and 4b, it can be
seen that the value of |z{,(¢)| for a given n does not undergo
important changes when the order N of the Chebyshev
expansion is increased. This holds also for the complex
coefficients z7,(¢). Then, we can assume that

z20,(t) = 20,(1), n=0,..,N. (42)

The truncation error is then given by

[

ORACES (2%— 1)

n=N+1

Snzi(1) = (43)

©

3

= > |z

n=N+1

where we used the relation ||T,(x)|. = 1,n = 0, 1, .... The
sum in the RHS of the inequality (43) gives an upper bound
of the truncation error. In our runs we considered the cases
with N = 32, N = 64, and N = 128. Since the sequence
{1z0,(0)], n = 0,1, ...} goes to zero very rapidly with increas-
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FIG. 4. The spectrum |z7,(¢)| of the normalized mode z;(x, t) plotted as a function of n at the time ¢ = 1000 (a) and ¢ = 2000 (b), using 33 +
33,65 + 65, and 129 + 129 Chebyshev polynomials with the double-domain technique.

ing n (Figs. 4a and 4b), in the cases N = 32 and N = 64
a good estimation of the series at the RHS of (43) can be
obtained, truncating such a series at the term correspond-
ing to n = 128,

128
Swzi(t)= >, |22,(t) = Anzf(f) with N =320r N = 64,

n=N+1
(44)
where
128

Anzi(t) = 2 [zf(0)

n=N+1

: (45)

the terms of the sum (45) are those obtained by the numeri-
cal procedure using Chebyshev expansions with N = 128.
The quantity Ayz{(¢) represents an estimation of an upper
bound for the truncation error of the mode z{(x, ) in the
cases in which the double-domain technique has been used
with 33 + 33 or 65 + 65 polynomials. This quantity is
plotted in Fig. 6 as a function of the time, relative to the
component z; (x, t). For instance, at the time ¢ = 1000 the
truncation error of the mode z;(x, 7) is less than 3 X 1073
when 33 + 33 polynomials are used, while it is less than
2 X 107! using 65 + 65 polynomials. These values are
actually small because the truncation error is evaluated for
the normalized solution (see Eq. (37)), i.e., for a quantity
whose L?-norm is equal to 1. For increasing time the trun-
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FIG. 5. The same as in Fig. 4, using 65, 129, and 257 Chebyshev polynomials with the single-domain technique.

cation error Ayz;(¢) increases in consequence of nonlinear
effects which transfer energy towards the higher-order co-
efficients of the spectral expansion.

A similar procedure could be used to estimate the trun-
cation error for the single-domain runs. Indeed, from Figs.
S5a and 5b it can be seen that, although at + = 1000 the
relation (42) is still relatively well satisfied (at least as an
order of magnitude estimation), this is no more true at
t = 2000. In fact, Fig. 5b shows that the high-n part of the
spectrum strongly changes when increasing the order of
the Chebyshev transform. Then, in the single-domain runs
we can assume as an upper limit for the truncation error
the quantity

256

Avzi() = >,

n=N+1

with N = 64 or N = 128,

27a(0)| (46)

but only during the first part of the runs, say for ¢+ = 1000.
This quantity is also plotted on Fig. 6 (thick lines). Compar-
ing with the results obtained with the double-domain
Chebyshev technique, it can be seen that in this latter case
the truncation error is orders of magnitude smaller than
that obtained using the single-domain technique with the
same number of Chebyshev polynomials.

This result is due to the fact that the strongest gradients
in the solution are localized around the x = 0, which corre-
sponds to the internal boundary of the double-domain
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FIG. 6. The truncation error of the normalized mode x-component is plotted as a function of the time. The total number of the employed
Chebyshev polynomials is indicated. Thick lines refer to single-domain runs while thin lines refer to double-domain runs.

case. Then, the accuracy of the Chebyshev expansion is
much higher in this case, in accordance with the results of
Solomonoff and Turkel [3].

The pseudospectral method used to calculate the nonlin-
ear (products) terms in Egs. (14) leads to aliasing errors
[1, 13, 14]. These errors are more relevant during the last
part of the runs, when nonlinear effects play an important
role in the instability saturation. Such errors are smaller
if the spectra of the quantities which are multiplied are
steeper;i.e., the aliasing errors are smaller when the trunca-
tion errors are smaller. This implies that lower aliasing
errors should be obtained with the double-domain tech-
nique.

The effects of aliasing errors in the single-domain runs
can be observed in Figs. 5a and 5b; indeed, as already
observed, the high-n part of the spectrum changes when
the order of the Chebyshev polynomials is increased. This
effect becomes more relevant with increasing time; actu-
ally, the amplitude of the perturbation grows in time, so
the nonlinearities in the evolution equations (14) become
more important. The same effect is much less relevant in
the double-domain case (see Figs. 4a and 4b), even for
t = 2000. Then, the small truncation errors obtained with
the double-domain technique allow us to keep the aliasing
errors to a lower level; this is useful in particular during
the nonlinear stage of the instability.

A more quantitative evaluation of the effects of the
truncation errors can be obtained, considering the diver-
gence of the fields Z°. The time evolution equations (2)—(3)
ensure that 0Z¢/dx; = 0 for ¢t > 0, provided that: (i) the
initial condition is divergenceless and (ii) dZ¢/dx; is kept

vanishing at the boundaries for any time ¢ = 0. Let us
discuss how the truncation errors affect the conservation
of the divergence in the numerical scheme. The truncation
in the representation of the fields Z’ does not introduce
any error in the evaluation of linear operators, such as
space derivatives. On the contrary, aliasing errors arise in
the calculation of nonlinear terms. Let us consider the
numerical scheme (14)—(15) for the truncated quantities;
taking the divergence of Eq. (14a) and using Eq. (15b)
evaluated at the time t,, we have

i-

62 azg(*)
0Xy 0Xy ax;
82

|: } 9Zem
=1+ ( . )
0X 0Xy 0x;

7(n)
—oar| zro | (P4 4 o
('9xk ax,«

0 x At
2

0 x At
2

(47)

where €7 is the aliasing error which arises in the calculation
of the nonlinear terms. Even assuming that the truncated
field Z°") at time ¢ = t, is divergenceless, 0Z7™/ox; = 0,
the aliasing error &” acts as a source term for the field Z*®
at time ¥ = t, + 6 At. A similar argument applied on
Egs. (15a) and (14b) shows that aliasing errors generate
divergence in the truncated fields Z°"**D. The time evolu-
tion of the divergence of Z’™ then gives account of the
effects of the cumulation of the aliasing errors in the pseu-
dospectral numerical scheme. In Fig. 7 the quantities
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d’(t) = max , o=2=, (48)

(xi,yj)ED

are plotted as functions of the time, for the different runs
performed using both the single-domain and the double-
domain Chebyshev technique. The maximum is calculated
over all the points in the spatial grid. For any run it has
been found that, at any time ¢, d*(¢) is very close to d (1),
so these quantities appear superposed. From Fig. 7 it can
be seen that, using the same number of Chebyshev polyno-
mials, much lower values of the maximum divergence are
obtained with the double-domain technique than with the
single-domain one. This is in accordance with the fact that
the double-domain method in the problem under study
gives origin to much lower truncation errors.

4. CONCLUSIONS

In this paper we have described the application of a
pseudospectral Fourier—Chebyshev method to the solution
of a problem in which a boundary layer forms, namely the
development of the tearing instability in a plane sheet
pinch. In the considered two-dimensional configuration the
boundary layer is located along a straight line, where strong
gradients in the direction perpendicular to such a line de-
velop.

Our aim was to show that a better accuracy can be
obtained using a double-domain Chebyshev technique
rather than a standard single-domain technique, provided

that the internal boundary between the two subdomains
is located at the boundary-layer position, so that the strong
gradients associated to it are close to the boundary of
the Chebyshev mesh. The idea is based on the results by
Solomonoff and Turkel [3], who studied the properties of
pseudospectral Chebyshev expansions in cases when sharp
gradients are present. These authors found that lower er-
rors result when these gradients are localized near the
boundary of the Chebyshev domain than when they are
near the center.

On the basis of such results, we have split the computa-
tional domain in two subdomains, the internal boundary
being along the line x = 0, where the boundary layer is
located. In each subdomain a Chebyshev expansion has
been performed with respect to the x-variable, i.e., in the
direction of the strongest gradients, while a Fourier expan-
sion has been used with respect to the y-variable. Standard
collocation points have been used in the Chebyshev grid,
since, as shown by Solomonoff and Turkel [3], in such a
case the errors are lower than when a uniform mesh is
used. The time scheme and the matching conditions at the
internal boundary ensure that all the space derivatives are
continuous across the internal boundary, up to the second
order. Calculation of the numerical solution has been split
in two by an influence matrix technique [9], which allows
us to calculate the solution independently in each of the
two subdomains. In this way two (N + 1) X (N + 1) linear
systems are solved at each time step and for any Fourier
harmonic, instead of one 2(N + 1) X 2(N + 1) linear
system.
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The results obtained by the double-domain Chebyshev
technique have been compared with those obtained by a
single-domain technique. In this latter case, the boundary
layer is located at the center of the Chebyshev mesh. The
m = 1 Fourier harmonic corresponds to the unstable eigen-
mode in which the boundary layer forms. It has been found
that the Chebyshev spectrum of this harmonic at a given
time is much steeper when the double-domain method is
used than in the single-domain case. This implies that if
the same number of Chebyshev polynomials is used with
the two techniques, much lower truncation errors are ob-
tained with the double-domain method. For instance, con-
sidering the quantity Z,, the truncation error obtained
using 65 + 65 Chebyshev polynomials with the double-
domain technique is smaller by a factor ~10° with respect
to the truncation error obtained using 129 polynomials
with the single-domain technique.

As a consequence, the double-domain Chebyshev tech-
nique allows us to obtain an accurate solution with a rela-
tively low number of Chebyshev polynomials: in the con-
sidered case we found that using 33 + 33 polynomials a
good accuracy is obtained in the numerical solution. On
the contrary, using 65 polynomials with the single-domain
technique a much worse result is obtained: strong oscilla-
tions are present in the space profiles of the solution and
the time evolution is sensibly changed; in particular, the
instability growth rate is lowered.

The pseudospectral method leads to aliasing errors in
the evaluation of the nonlinear terms in the equations. For
a given number of Chebyshev polynomials, such errors are
lower if the sequence of the spectral coefficients of the
solution goes to zero faster with increasing n. Since steeper
Chebyshev spectra are obtained with the double-domain
technique, smaller aliasing errors are obtained using such
a technique. Actually, the effects of the aliasing errors
observed in the Chebyshev spectrum of the solution are
more relevant in the single-domain than in the double-
domain cases. Another indicator of the aliasing errors is
the divergence of the fields Z°. In fact, this quantity must
keep vanishing in the exact solution; on the contrary, in
the numerical solution it grows as a consequence of aliasing
errors. We found that the growth of the divergence is much
slower using the double-domain than the single-domain
technique. This is relevant, in particular, during the nonlin-
ear stage of the instability, when the nonlinearities of the
equations play a more important role in the time evolution.

APPENDIX

In this appendix we will show that
[Wdx, m)|l. =1, m=0,...M—1, (A1)

where wll(x, m) are the correction solutions, and
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lg()ll. = sup {g(x), x € [~L1]}. (A2)
Since wiRl(x, m) = WwlH(—x, m), it is sufficient to prove
(A1) only for wi®l(x, m) in the interval {x € [0, []}. The
solutions W*(x, m) fulfill the condition (20c),

W0, m) = 1. (A3)
Then, the relation (A1) is satisfied if the solutions WR](x,
m), which are continuous in the interval [0, /], are also

monotonically nonincreasing in the same interval. We will
consider two cases:

(1) x(m) # 0.
(20a) is given by

In this case the general solution of Eq.

WIRI(x, m) = ¢; et™* + ¢, e <0, (A4)
where ¢; and ¢, are constants which are determined by the
boundary conditions. Let us indicate by x, the value of x
for which the derivative of the solution (A4) vanishes:

__ 1@
2K(m)gcl'

X (A5)

If the boundary condition (16b) is given on the value of
the solution

I m) = BRI (m)

(this holds for the pressure, see Eq. (4)), then the boundary
conditions (20b), (20c) for wil(x, m) are

wiRI(l, m) = 0,
(A6)
wiRl(0,m) =1
which give
e*lK(m) e/K(m)
C1 = C2

T o) — plkm) T o) — g lkm)
Equation (A5) has no solution, since the ratio c¢/c; is
negative, thus showing that Ww{Xl(x, m) is monotonic in [0,
I]. Moreover, Egs. (A6) indicate that wiRl(x, m) is also
decreasing in [0, ].

If the boundary condition (16b) is given on the derivative
of the solution

£IR] "
= 1m) = By

(this holds for Z; see Eq. (4)), then the boundary condi-
tions (20b), (20c) for WwIRl(x, m) are
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dwlRl _
dx (l’ m) - 0’
(A7)
WwiRl(0,m) =1
which give
—Ik(m) Ii(m)
1= S © : (A8)

T lkm) o lm) = PR f Ik

Inserting these values in Eq. (AS) we find
x, =1

which represents the upper limit of the space domain; this
shows that w!®l(x, m) is monotonic in [0, /]. Moreover,
using the values (A8) in the expression (A4) it is found that

WIRI(I, m) = 1/cosh [ k(m)] = 1

which proves that wifl(x, m) is also decreasing in [0, /].
(2) k(m) = 0. In this case, which corresponds to the
m = 0 Fourier harmonic of the pressure equation, the
general solution of Eq. (20a) is given by a linear function
WwiRl(x,0) = ¢; x + ¢, (A9)
where c¢; and ¢, are constants which are determined by the

boundary conditions. The solution (A9) is monotonically
nonincreasing when ¢; = 0.

Actually, corresponding to the boundary conditions ex-

pressed by Egs. (A6) we have

c=-1/l, ¢,=1,

FRANCESCO MALARA

while, corresponding to the boundary conditions (A7)
we have

c1 = 0, C = 1.
In conclusion, in all the cases which we considered the

solution WRl(x, m) is monotonically nonincreasing in the
interval [0, /] and this proves Eq. (Al).
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